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: numerical solution of Volterra integral equations of the second kind

1ge-Kutta methods

7fan der Houwen & J.G. Blom

\CT

'he purpose of this paper is to present the stability regions of a

: of Runge-Kutta methods for the integration of second kind Volterra
ral equations. Unlike the usual stability analysis, the kernel func-

.s allowed to vary linearly with the independent variable. A second aim
» paper is to show that the addition of certain terms in the numerical

.a increases the stability regions considerably.

DS &.PHRASES: Integral equations, Volterra, stability regions, Runge-—
Kutta type formulas
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1. INTRODUCTION

In [4] stability conditions were derived for multistep and Runge-Kutta
type methods when applied to second kind Volterra integral equations

X

(1.1) f(x) = g(x) + J K(X9€3f(g))d£’

%0

with kernel functions K approximately satisfying the relations

2 2 2
3K _ . 3K _ . 3K _
(1.2) = 0, > = 0’5?5% = constant.

In addition, a modification of both multistep and Runge-Kutta methods was
proposed of which it was claimed to have a stabilizing effect. In this paper,
a number of Runge-Kutta methods are analyzed with respect to their stabili-
ty regions. It turns out that in all cases the modified forms do have larger

stability regions, sometimes to a considerable extent.

2. SINGLE-STEP METHODS

In this section we present integration formulas of the form (cf.[4])

) _ - .
fhel = £ns
m
G) _ 3 (2)
fn+l Fn(xn+ujhn) * hn QZOAjz K(Xn+ej2hn’xn+vj2hn’fn+l)’
2.1)
j=1,2,...,m;
_ c(m) - - -
fn+1 = fn+l’ Moo= eml =1, 2 =0(1)m,

here Fn(x) is an approximation to the expression

X
n

g(x) + jK(x,g,Ra))da,

%0




~nNJ

(x) denoting an interpolation function through fO’ fl’ cos

following we assume that the weights an define a quadrature

form
X

I o~>18

wnj¢(xj) + Rn'

0

n
(2.2) J d(x)dx =
J

%o

For each formula we will specify:

(1) The order of the quadrature error:R = Fn(x) - g(x)

7 3 ° = * i
(2) The order of the truncation error.Tn fn+1 f(xn+
£ is the solut
n+l _
when»Fn(x) is rep

X

g(x) + J " R(x,E,
%0
and fn by f(Xn)-

(3) The characteristic equation: c(z) = 0, the roo
are the amplifica
by which perturba
plified when the
formula is applie

problem (1.2).
(4) The stability region: lz] <1

2.1. Summary of the theory

To scheme (2.1) we may associate (Znternal) stability f

DEFINITION 2.1. The (internal) stability functions Qm(z,y),

Sm(z,y) of scheme (2.1) are defined by the recurrence relati




m
Q(z:y) = 1, Q(z,y) = ]

220 Aj2(2+ejILY)Q2(Z ’Y)

m
Ry(z:y) = 0, Ri(z,y) = 1+ QZO Mg (2H05 MR (2,5),  § = 1(Dm,

m
S (z,y) = 0, (2,y) = q. . :
0(25¥) 5:(2,y) u QZO Aiq (2405708 (25y)
~Let ¥ (x) be defined by

~ n
F oG =g + ]

Lo anK(x,xj,fj),

Awﬁj = Wn+1j - wnj =0, j=0()n - 1,-

(a) f(Xn+1) - f ., =0R) + O(Tn) as h »~ 0,

dition

9K/3f 7s a slowly changing function of & and £ and azK/axaf 18
a slowly changing function of x, & and £, Z.e.

K(x,8,f) = (L(x,8,f) + xH(x,E,£))f

where L and H are slowly varying functions of x, & and f;

H = H(x_,x ,f ), J = L(xn,xn,fn) + x H 3

n n" n" n n nn

Afj are suffictently small perturbations of fj’ j = 0()n, then

(b) Anﬁn+1 = BnAVn,

n
= - . ~ T
AV = (Bf_,...,Mf=,AF (x), jzo wanxf(xn,xj,fj)Afj) ,




_Wn+1n+1Jn 0 . . . 0 1 -h

_wn+1n+1Hn 0 . . . 0 0 1

1 0 0
Aw J . o e Aw —J 1
nn n nn n
Aw H . . . Aw —H 0 1
nn n nn n

. and S, being evaluated at
2 _ 2
(st) - (thnshan) - (th(Xn’Xn’fII)’ hnH(xnsxn

. See [4].

EM 2.2. Let Fﬁ(x) be defined by

w

n
Fn(x) = g(X) + Z anK(X’Xj’fj) + [fn_gn— n

0 .
) J J

Il ~13

0

. Awnj = Wh+1j N wnj = 0, ij=0(n -1,

1

(a) f(xn+1) - fn+1 = O(h_ Tn) + O(Rn) as h >0

in addition, conditions (2.5), (2.6) and (2.7) are sa

- >
(b) AAV ., =BAV,




\\}

n
- _ T
3) AV, = (B ,...,0f=, jzowanXf(xn,xj,fj)Afj) ,

oo O

—wn+]n+1Hn 0 . . . 0 1

1 0 0
Aw H . . . . Aw —H 1
nn n nn n
. See [4]
EM 2.3. Let Fn(x) be defined by
n-1 m
(2) 2) -(2)
F (x) =g + ) ) wo/Kx,x..0,£:7),
) n 5=0 g=0 ™ J+177 3+
o (R) () (R) _ - _ -
Awnj = wn+1j wnj =0, j=0(1)n-1, 2 = 0(1)m,

(a) f(xn+]) - f = O(Tn) + O(Rn) as h > 0.

n+l

in addition, conditions (2.5), (2,6) and (2.7) are satisfied then




(b) AHA% = B AV

n+l n n’
Yhere
. > (1) (m) =
'2.18) AV = (MF 77 ,.. ,AE Y, AF (%),
n-1 mn
(%) ) () ()T
YooY W R (x Lxe E AR )
520 220 nj xf n’Tj+1° 7 J+1 j+l
P I hrodie e e A T o 0
ThAodar 1 T BpAaaTs . .
2.19) A{{ ]
- . ...l =-h X J 0 0
hnxmlJml o n mm mm
(1) , (m) -
Wn+ann ° R I wn+ann ! hn
(1) (m) -
Wn+lan ° = .. wn+1an 0 ]
wmd
0 b Modio Iowby
(2.20) Bn = .
0 hnAmOJmO ! Llmhn
- (] -
0 Wn+1nJ'n l 0
(0)
0 Yh+ln n 0 =1
sith J., =J3_+ @&, hH.
JL n j2 nn

PROOF. (a) This statement was proved by de Hoog and Weiss [2].

(b) From the definition of Fn(x) and conditions (2.5), (2.6) and
(2.7) it follows that




n-1 m
~ ~ (&) 3K (2) (2) (2)
AF_(x) = jZO QZO LA (x,xj+], )AfJ+l
n-1 m
~ (2) ) (2)
) jZo QZO nj [Bf (x *n? J"'l’f )
2.
o L) -(2) (2)
X g () ’Xj+]’fj+l)] A1

[l

AFn(xn) + (x—xn)AGn,

w

we have written

n-1 m 2
= (2) 37K <) £(2)y, - (0)
AGn B jZO RZO whj axof (xn j+1? J+1)AfJ+]

3 easily seen that the following relations hold:

() o .= T ] (1)
Af 4 = OF (x ) + ujhnAGn *h RZ Ajz J_+0. 2han AE L1
- () 5 e
a n+l(xn+l) - AFn(xn) + hnAGn+1 * z n+1n n n+]’

m
~ (2) (%)
AG ., = AC + H_ 2ZownﬂnAfm1

: equations are easily verified to be identical to the vector equation

= B AV of the th O
l+] = n n o e eorem.

[ITION 2.2. The characteristic equation of scheme (2.1) is defined by

) det (Bn—gAn) =

Simpson—-Runge-Kutta formulas

Let Fﬁ(x) be defined by (2.4) using repeated Simpson rule for even

s of n, and by repeated Simpson + 3% rule for odd values of n > 1.
atrix W = (w ), n=2,3,..., j =0(1)n is then defined by (constant

sizes)




8 32 8
27 27 9
32 16° 32 8
_ h
(2.22) W=7 17 27 27 9
° -8
. 17 27 27 9
8 32 16 32 ... 16 32 16 32 8
'or n = | we may define
~ v %)
2.23) F (x) = g(x) +h ZAJ.QK (X0+9j2h,x0+vj2h,f] ).

2=0

'e shall call the class of formulas defined by (2.1), (2.4) and (2.

impson—Runge-Kutta formulas.

The quadrature error R of this class behaves as
4
2.24) Rn = 0(h’) as h ~ 0.
The characteristic equation (2.21) for the case where thn and

.ave a common set of eigenvectors with eigenvalues z and y, was der

4]. By working out the determinant we find for odd values of n the

1al
6 1 1 1 5
r - [2+ Qm+§-sz+3yRm+3ySm]C
+ [1 + 2Q ——ziyR -2 4R —iys]cl‘
‘m 24 m 8 m 8 m
. 17 11 17 3
PGt T Ry T YR T Tz YS!
(2.25a)
2 5 2 2
- Ei ZRm * EZ'yRm.+ 3 ySm] ¢
F L ZR + 2 yR + L ys I
4 m 24 m 4 m

1 1
by Ry, 3% Y51 =

|
=)




For even values we find

3 3 3 4
C(e) = > - L2+ Q + gz’ + g YR, +FyS ¢
5 19 5 3
+ [1 + ZQH] ﬁ ZRm - -Z"Z yRm T‘z‘ ySm] C
5 2
(2.25b) + [-Qm + ZR + 57 YR+ vS 1t
- [l 2R+ 2 yR o+ Loys 1z
4 “Tm 24 Y z Y
+ El— zR + L S1=0
24 *“m 24 Y°n :

When we use (2.11) instead of (2.4) for the calculation of Fn(x), the sa
order relation (2.24) for the quadrature error is obtained., The characte
tic equation (2.21) is obtained by application of theorem (2.2). Omittin

the details we finally find for odd values of n

5 1 4
23 3
(2.25a") + [Qm + Rm 5 ySm] z

5 1
* 7Z'ysmc EZ’YSmE * 24 ySm =0,

and for even values of n

4 3 3
;—[1+Qm+Rm+§ysm]g
(2.25b") + [ + R - 19 yS_ ] CZ
’ . Qm m 24 m
5 1 _
+ iz-ysmc - 5% ySm = 0,

In the following we only present the stability region I;(z,y)[ < 1 in th
third quadrant of the (z,y)-plane since the integral equation itself is

stable in that area (cf. [4]).
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2.2.1. Explicit formulas

When Ajp = 0 for & > j scheme (2.1) does not require the solt f

implicit equations. From a computational point of view such formul 7

be attractive when no instabilities are developed.

Third and fourth order Simpson-Beltjukov formulas

In [1] Beltjukov gives a formula in which (j=1(1)3, % = 0(1)

1 0 0 0 1/2 0 0 0
=? -
(Ajz) 1/9 2/9 o 0|, (Sjn> 1/72 1 0 0},
0 1/4 3/4 0 0 1 1
(2.26)
0O 0 0 o0 1
(ng) = o 1 0 0], (uj) = 1/3
0 1 1/3 0 1
The truncation error of this formula behaves as
4
(2.27) Tn = 0(h’) as h »~ 0.
Thus, by virtue of (2.24), (2.27) and theorem 2.1 we may conclude 2.4),
(2.22), (2.23) and (2.26) generate a fourth order Simpson -Runge-Ki r-

nula. Its stability functions are easily found to be (apply (2.3))

Q3(2,3) = ¢ (2+y) (zay) (2+2+y),

2.28) Ry(z,y) = 1 + ¢ (z+y) (6+z+y),
S3(z,y) =1 + %~(z+y)(3+z+y)-
In a similar way we conclude from theorem 2.2 that (2.11), (2.22), )

and (2.26) generate a third order Simpson-Runge-Kutta formula.
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Fig 2.1 Stability region of the Beltjukov-Simpson formula

[he stability regions IEI < 1, ¢ being the roots of (2.25) and (2.25"),
tively, are the inside areas in the third quadrant bounded by the
and broken lines, respectively. In the latter case the overall region
ibility is given by the intersection of these two ares (n even and

). In the next figures the same conventions are used.
1 order Simpson—Pouzet formulas

’resumably the first Runge-Kutta type formula was given by Pouzet [ 3]

)0. Its parameter matrices are
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1/72 0 0 0 0 1/2 0 0 0 0
(Ajz) 0 1/2 0 0 0 L@y - 0 172 0 0 0
0O 0 1 0 0 0O 0 1 0 0
1/6 1/31/31/6 0 1 1 1 1 o0
2.29)
0 0 0 0 0 1/2
0 1/2 0 0 0 1/2
(i) = / s wy o= | V2,
0 0 1/2 0 0 J 1
0 1/21/2 1 0 1

he truncation error is given by
5
2.30) Tn = 0(h”) as h » 0.

ence, (2.4), (2.22), (2.23) and (2.29) generate a fourth order Simpson -
unge-Kutta formula. Replacing (2.4) by (2.11) again yields a fourth orde

ormula.

ne stability polynomials are given by

Q,(2,3) = § () {1+ (z+hy) L1+ (z+hy) (4424 4y) 13,

2.31)  Ry(z,y) = 1+ ¢ (zy) 3+ (Irhzrly) 24zen))
S, (2,9) = 1+ 5 (z+y) {2+ (+hzrhy) (1+iz+iy) ).

1e cdrresponding stability regions are shown in figure 2.2. by the solid

ad broken line, respectively.




Fig 2.2 Stability region of the Simpson—-Pouzet formula

t third order formula and its stabilized second order modification

The formulas of Beltjukov and Pouzet both require two evaluations
unction Fn(x) in each integration step. Since these evaluations fo
ulk of the computational effort, it is suggested to look for formu
require only one evaluation of Fn(x) per integration step. This i
ved by choosing uj = 1 for j = 1(1)m. Let us consider the class of
cit, two-stage formulas, i.e. m = 2, Ajl = 0, for & 2 j. From

q.(3.6)-(3.9)] we may derive that this class is second order consi

i.e.
3
) _ Tn = 0(h™) as h -~ 0,
ded that
Mg t Ao = 1
= 1
Voorao * Vartag T 2
= 1
Aor21 < 2>
A =1,

21
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These equations lead to the following parameter matrices

1 00 I 1 0 0
(.,) = » (u,) = » (8.,) =
. 3% %%0} ] (1) 4 1 10
2.33
w.y= |} 00
L A

Thus, (2.4), (2.22), (2.23) and (2.29) generate a third order Simp
Kutta formula which is roughly twice as cheap as the fourth order
of Beltjukov and Pouzet. Replacing (2.4) by (2.11) decreases the o
one but yields a larger stability region as may be derived by subs

the functions

Qz(st) %(Z+Y)(I+Z+Y):

(2.34)
RZ(Z’Y) = SZ(Z’Y) =1+ %Z + 3Y,
into the characteristic equations (2.25) and (2.25'). The stabilit

are given in figure 2.3 by the solid and broken lines, respectivel

Fig 2.3 Stability region corresponding to (2.33)
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wtive third order formula

The relatively small stability region of formula (2.33) leads us to
ler higher point formulas (again with uj =1 for j = 1(1)m and to use
ktra parameters to enlarge the stability region. For m = 3 the condi-

for a third order truncation error Tn become [4]

Agg ¥ Azp tAgp = 1

V3ghsg ¥ Vahap F V3phap = 2
Ayp ¥ A3 = 5

Aorsr ¥ (ogtrgprgy = 2

[t is easily verified that the parameter matrices

/ AIO 0 0 0 1
(Ajl) = I—AZI AZI 0 0|, (Uj) = 1 s
} o 4 o0 1
)
1 0 0 0 0 0
(0;,) = i L0 0, () = o 0 0
1 1 1 0 0 0 1 0

iy the consistency conditions irrespective the values of AIO and AZ]'

:ability functions of scheme (2.35) read

Q3(z,y) = j(z+y)[1 + (I-AZI)(z+y) + A10121(2+y)23

2
Ry(z,y) = S5(z,y) = 1 + j(zty) + Xy, (z+y)

AIO and A21 are free parameters we may use them to monitor the ampli-
.on factors corresponding to a particular eigenvector component in the
-bations Afi’ i = 0(1)n. For instance, when the matrices thn and

1as the eigenvalues z and Yo for this eigenvector, we may choose A

10

'] such that

QB(ZO’YO) = RB(ZO’Yo) = S3(ZO,YO) =0,

ng the amplification factors Ly =8y =1Tq= T, = 0, Cg = Cp = 1 for

tlues of n (cf.(2.25a)) and g, =¢ =0, L, = g = 1 for even

2 T %3




5 of n (cf.(2.25b)). In the case of scalar integral equations wher
N have only one eigenvector, condition (2.37) would give unconditi

lity. It is easily seen that (2.37) is solved by

2
1
. _1+(ZO+Y0)+2(ZO+YO) _ 2+ZO+YO
A [ 2R Y B B
(zg+y)

10 (zo+y0)(1+;(zo+y0)) 21

+2
+1
=1
Fig 2.4 Parameters AIO and AZI as functions of zy * ¥,
sure 2.4 the behaviour of AIO and AZI as functions of zy * ¥, is sl
ling that AIO becomes singular at zg + ¥y = -2 and zg * Yo = 0, anc

acomes singular at zq + Yo = 0. Let us choose

) AZI = -1 for zg * Yo 2 fl
AZI according to (2.37') for z + Yo < -1 /
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and let AIO be free for the moment. In the region z, + Yo S =1 the charac-

0
teristic equations (2.25a) and (2.25b) then reduce to (at (zo,yo))

. 3 _ 2 _ _
(2.25") 4 (2+Q3(2y,y))2" + (1+2Q4(z,y))z Q3(zy5y5) =0
which may be written in the form

(2-1) (2= (1405 (2,5 )T + Qy(27,)) = O

The roots are within or on the unit circle when

|Q3(zgoyp) | <1, 2y +y, < -1

vhere

Qy(29s7) = BLU-A, ) Gzt d? + 201-1, ) (zgtyg) + 20,

ZO + yo < -1
.et us choose

A, =2 for z > -1 - V3

10 0% Yo
(2.39)

A.~ according to (2.37') for z < -1 -3

10 0o Yo
'hen the amplification factors corresponding to all points (zo,yo) with

ot Yo < -2 (in figure 2.5 indicated by the dotted area) are less than or
:qual to unity in absolute value. When the point (zo,yo) to which the scheme
10 = 2 and AZI = -1 the
stability region of which is shown in figure 2.5 by the shaded area. Thus,

‘he formula defined by (2.35), (2.38) and (2.39) is unstable when (z

.s to be adapted is such that 2o * ¥y 2 -1 we have A

O’YO)
.ies in the blanc region in figure 2.5, which is approximately given by

zg * ¥y S -2, 6y0 + 4z > -3,

0

'his leads to a small region of "forbidden" values for the integration step h.




: y
-2.0 -0.8 -0.7 0
l e 29
unstable . -0.5
— -0.7
stable
"?ifﬁﬁ_ -2.0

ig 2.5 Stability region corresponding to (2.35) with AIO and XZI defined by
(2.38) and (2.39).

2.2, Weakly implicit formulas

When Ajz = 0 for & > j scheme (2.1) requires the successive solution of
t most m equations. Whe shall call such schemes weakly implicit to distin-
1ish them from fully implicit schemes which require the solution of m simul-

ineous equations.
third order one-point formula and its stabilized second order modification

For m = 1 the conditions for second order consistency, i.e.




) Tn = 0(h3) as h > 0,
(cf.[4])
AIO + All = 1
= 1
Vior1o * Vit T 2
A, = %

11

lead to the parameter matrices

11 = =
. ,) (z52)» (Uj) (1, (ejl) (1,1),

i
O30 = Croo 110

stability functions

__Z*ty
) Q(2:3) =Gy
2
RI(Z’Y0 =SI(Z,Y) e erey g

tability regions corresponding to (2.4) (solid lines) and (2

en lines) are presented in figures 2.6 and 2.6'.

-28.5 -3.5

4 S— SR

N o
n odd
\\\\

Fig 2.6 Stability region corresponding to (2.41)

-1.

-2.3

-2,

6




z
T —410
pd
e
pd
~
~
e
7
~ 3 ‘
/{—y=fz—4, n odd F =24.0
~
e |
- I
7
- /
-7 y=17z-24 7
e /
- n even )
/
|
|
|

Fig 2.6"' Stability region corresponding to (2.41)

intformulas of fourth order and their stabilized third order modifi-
s

irst of all we remark that fourth order formulas require at least

-evaluations. This may be concluded from the following three consis-
conditions (cf.[4]

Um= 1,
% Amﬂuz = %’
2=1
m
2 1
Z AU, = =
0=1 ml L 3

W is already fixed at the value 1, at least one Moy should differ

or 1 in order to satisfy these conditionms.

econdly, for m = 1 no third order formulas exist. This follows from

llowing two consistency conditions (follow from the fourth and eighth
ion of equatiomns (3.6) - (3.9) in [41)

A1
M

Nl

°

OV =N
A" 3




.et us now consider the case m = 2. The conditions for a four

ition error are (cf.[4])

Apg ¥ Ao T Ay = s

I
Vooroo *t Vartar * Vaotor < 7

1

MRSV T

H1%91

1

Qo™ D2 * 20 = 30
2 1

Hirop ¥ A0 = 3

1
+

1
Moviot V12221 Y 22 T B

+ .l.}\ =

1
MMt Y 2h0 T B

+
N
>
N
N

I
o —
-

A Ogotryag,

2 2 2
Vaor20 * Va1t2g

+ v

VorHiAa * Va2ro)

Vo1 oty *

b

w|—

Voohoo =

2 I
A1 ot ) T *F A =

1
Qg™ + A = 3

1
Q010" 118110221 + A2 = 30

1

* Vookoy =3

V21121
’hese equations are greatly simplified when we put
’ ‘g =0 M= At Ay
mmediately yields

, -1, el 3 _ 1

Mo Hp =3 A =3 Ap =7

{tution into the remaining equations leads to the conditions




3v21 vy, = 2,
4

Vo1 ¥ V99 T30
1

Aot M1 T30

shich finally result in the parameter matrices

1 1 1 2
- = 0 = 9 .
|6 ® _ |3 _{%10 3
A
‘2.45) i
_ Vio 37 Vi O
(v. ) = 1
J% 0 1 1
3

‘ogether with the approximations (2.4) and (2.11), respectively, tl
leters generate a family of fourth order and third order Simpson-—R

lutta formulas with stability functions

3(z+y) z + 0,4y
QZ(Z’Y) = 2 s
4 - (Z+Y) 6- 2z - (§ - 910)}'
I 18(z+y)
2.46)  Ry(z,y) = ——— -[4 + , ,
4= (z+y) 6-z- G- 0,y
Syter = [4s staty
4 - (Z+Y) 6 -z - ('3_ - 9]0)}’

n figure 2.7 the stability regions are shown for 6]0 = %f.




-11.6 -1.7

N - =1.4

Fig.2.7 Stability region corresponding to (2.45) with 810 =-%.

The formulas (2.45) require the solution of two equations in one va:
able. It was pointed out by Schilder [5] that it is possible to construci
formulas, which require the solution of only one equation in a single

7ariable. It is easily verified that the matrices

11 2 4
330 3 %0 37 %10
2.47 X, ) = , ) = 5. ) =
A
2
Vio 3" Vo O
.. ) =
% 0 O

:ogether with respectively (2.4) and’(2.11), generate a fourth and third

)rder formula with stability functions
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- 2.3

- -1.8

- -4.8

Fig 2.9 Stability region correponding to (2.50)

ourth order Simpson—-Newton—-Cotes formulas

+ hy/4, x o+ h /2

Choosing the reference points x_ + u.h_ at x , x
n in

(1)

n+l

rule at the points (xn,xn+hn/4,xn+hn/2), and £

and at X 410 and defining f

n+1

by the trapezoidal rule,

(2)
fn+1
by Simpson's rule at

by Simpson'

the points (xn,xn+hn/2,xn+hn), we arrive at the paramater matrices

l 1 0 0 1
) 8 4
- 1 1 1
1 2 1
s ° 3 5 !
(2.52) |
1 1 1
P 0\ /o 7 0
- (1 1 1 ' 1 1
(849) 2 2 72 0 5 (v5p) | 0 7 3
1 1
1 1 1 1 \o i 37
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It is easily seen that this formula has a fifth order truncation error so

that both combinations (2.4) - (2.52) and (2.11) - (2.52) yield a fourth

order formula. The stability functions are given by

__z+y (2z+y) (32+122z+3y)
Q4(Z,Y) 5-2z-5v I L+ .4 (24-22z-y) (32-4z-y) ’
) 9 I (z+y) (96+20z+13y) ]
(2.53) R, (z,y) = t-z-y | 3" 16 @it2z=y) (32-bz-y) | °

_ 2 (z+y) (96+42+5y)
34(Z:Y) T b-z -y 3+ 8 (24-22z-y) (32-4z-y) |

and the stability region becomes that presented in figure 2.10.
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Fig 2.10 Stability region corresponding to (2.52)
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2.2.3. Fully implicit formulas

Although weakly implicit formulas possess larger stability regions
than explicit formulas, provided that the modified form (2.11) of the func-
tion ﬁn(x) is used, we still have no unconditional stability in the region

z < 0, v < 0. Therefore, we now consider a few fully implicit formulas.

4 fourth order two-point formula and its third order stabilization

By putting A =0, \,, + A, = M and X,., = i in the consisten-

10~ *20 1 Mo 22
cy conditions (cf.[4]) the order equations considerably simplify and easily

lead to the solution

5 1 1 4
() = (u)) = 6.,) = :
is 31 » Vi
0 A A 1 0 1 1
(2.54) 9
0 v 5v - =
(v.,) = 3
i | ’
0 3 1

where 6 and v are free parameters. The truncation error behaves as

(2.55) T = 0" ash-0
and, setting 6 = %—, the stability functions become
Q,(z,y) = 0,
(2.56) - Ry(z,y) = 3(z+y§2§::§§ ; Egg:i§§:§§§<4-z-y> ’

_ 9(z+y) + (36-15z-5y)
8y(z,y) = 4 3(z+y) (3z+y) + (36-15z-5y) (b-2z-y)

+

The stability regions are given in figure 2.11.
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- -1.6

L -9.0

1

Fig 2.11 Stability region corresponding to (2.54) with 6 =3

fourth order Simpson—-Newton—Cotes formulas

Fifth order and higher order truncation errors can be obtained by
1sing quadrature rules and basing the method on forpula (2.49). Let us

i . . (1)

thoose the reference points at X, x + hn/2 and X 41 and define fn+1 by
> 1A)

t formula with ] n+1

:0 a Runge-Kutta method with the parameter matrices

208 -1 1
) 24 4 24 2
2.57) (Ajﬁ) = -1— __li _1_ 9 (UJ) = | s
5 |
1 1 1 1
sy = |2 T T 0 7 1
(j«Q:) 2 J'Q‘ °

N —

29

external" point x and f by Simpson's rule. This leads
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The truncation error is evidently given by
5

(2.58) Tn = 0(h7) as h > 0,

so that both (2.4) and (2.11) yield fourth order methods. The stability

functions are given by

i 3(aty) (bt2zty)
Qz(zsy) ~ 2(6-2z-y) (6-z-y) + (z+y)(2z+y)

12(6-2z-y) + 48(z+y)
2(6-2z-y) (6=z-y) + (z+y)(2z+y) °’

(2.59) RZ(Z’Y) =

_ 12(6-2z-y) + 24(z+y)
$(2:Y) = 506722-9) (6-2-y) * (z+y) 2z+y)

and the stability regions are presented in figure 2.12. y
-2.8

Fig 2.12 Stability region corresponding to (2.57)
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